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MATHEMATICS PAPER 1B
COORDINATE GEOMETRY AND CALCULUS.

TIME : 3hrs Max. Marks.75

Note: This question paper consists of three sections A,B and C.

SECTION A
VERY SHORT ANSWER TYPE QUESTIONS. 10X2 =20
1. Find the values of a, b if ax? + bxy + 3y —  5x + 2y — 3 = 0 represents a circle. Also

Find the radius and centre of the circle.

If © is the angle between the tangents through a point P to the circle S = 0 then tan
__! where r is the radius of the circle.

VS

3. Show that circles given by the equations x*>+y” +6x -8y +12=0; x*+y*—4x +6y +k
= Qintersect each other orthogonally.

2,
9
2

4, Find the equation of tangent to the parabola
y? = 16x inclined at an angle 60° withrits axis and also find the point of contact.

5. Find the eccentricity of the ellipse, in standard form, if its length of the latus rectum is equal to half of its
major axis.

6.Evaluate fcosx cos3xdx on R.

; -1
j~sm(Tan2 X) dx. x R
7.Evaluate 1+X

/2
“J- COS X

X
_n/21+e

Evaluate
8.
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9. Find the area under the curve f(x) = cos x in [0,2 T ].

solve y—xd—y=5(y2+d—yJ
10. dx dx
SECTIONB

SHORT ANSWER TYPE QUESTIONS.
ANSWER ANY FIVE OF THE FOLLOWING 5X4 =20

11. Find the equation of the tangents to the circle x> + y?-4x + 6y — 12 = 0 which are parallel
tox+y-8=0

12. The pole of the line Ix + my + n = 0 (n = 0) with respect to x* + y* = a%is [——,—— .

13. Find the equation of the circle which passes through the points (2, 0), (0, 2) and orthogonal

to the circle 2% + 2% +B5X — By + 4 =0
2 2
If PN is the ordinate of a point P on the ellipse —t F =1 and the tangent at P meets the X-axis at T
a

then show that (CN)(CT) = a> where C is the centre of the ellipse.

15. Find the equations of tangents drawn to the hyperbola 2x* — 3y” = 6 through (-2, 1).

oAN+1+N+2+...+/n+n
16. Evaluate lim
n—oo n\ﬂ;

dy
17.solve (2x + 2y + 3) d_ =x+y+1
X
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SECTIONC
LONG ANSWER TYPE QUESTIONS.
ANSWER ANY FIVE OF THE FOLLOWING 5X7=35

18. Find the equation of the circum circle of the triangle formed by the straight lines given in
each of the following.

19.Find the locus of the foot of the perpendicular drawn from the origin to any chord of the circle
S =x? + y* + 2gx + 2fy + ¢ = 0 which subtends a right angle at the origin.

20. (i) If the coordinates of the ends of a focal chord of the parabola y? = 4ax are (x4, y1) and (x,, V,),
then prove that x;x, = a°, y1y, = —4a’.

1 1 1
(ii) For a focal chord PQ of the parabola y* = 4ax, if SO = / and SQ =/ then prove that I_+F =—.
a

sin X cos X
j dx

o1 Evaluate  “cos? x +3cosx +2

22. Obtain the reduction formula for |n = ICSC” X dX, n being a positive integer, n > 2 and deduce the

value of J.cos ecx dx .

mZ §in?x

Evaluate .
23. 0 COSX +SINX

solve ay (x%y3 +xy) =1
24, dx
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Solutions:

1. Find the values of a, b if ax® + bxy + 3y —  5x + 2y — 3 = 0 represents a circle. Also
Find the radius and centre of the circle.

Sol. the equation of second degree  ax® + 2hy + by? + 2gx + 2hy + ¢ =0 represents a circle if

a=b,h=0g°+f-c>0

sax?+bxy+3y*—5x+2y—3=0 representsacircleifb=0,a=3

Equation of circle is 3x? + 3y’ —5x + 2y —3=0

2 2 5 2 —

XC+y -ox+y-1=0

gz-%;fz%;cz-l

_ _ (51
c=(-9.-=(23)

Radius=,/g2+ f2 —¢

= E+l+1:@
36 9 6

2. If 6 is the angle between the tangents through a point P. to the circle S = 0 then tan g:

where r is the radius of the circle.
Proof :

Let the two tangents.from P to the circle S = 0 touch the circle at Q, R and 6 be the angle
between these two tangents. Let C be the centre of the circle. Now QC =r, PQ = ,/S;; and
APQC is a right angled triangle at Q.

can? oL

2P0

3. Show that circles given by the equations X2 +y? +6x —8y + 12=0; X2 +y?—4x + 6y + k
= Ointersect each other orthogonally.

Sol. Given circles are
X2 +y* +6x—8y+12=0; x*+Yy*—4x + 6y +k = 0from above circles,

g=-1f=-1,c¢c=-7, gl=_?4,f1:§;c1:0. therefore, c+cl=—7+0
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1 1 -4 29 8 29 _ -21
29g° + 2ff'= -2(-1) (?) +2(-1)? 33 T__7
Therefore, 2gg* + 2ff- = c+c!
Hence the given circles cut each other orthogonally.
Hence both the circles cut orthogonally.
4. Find the equation of tangent to the
y’ = 16x inclined at an angle 60° with its axis and also find the point of contact.

Sol.

Given parabola y* = 16x

Inclination of the tangent is

0=60°=  m=tan60°=+/3
. . a
Therefore equation of the tangentis Y = MX +—
m

A
B

= «/§y:3x+4

Point of contact = (i @J— ﬂ i
m>'m) (3.3

= y=+/3x+

parabola

5. Find the eccentricity of the ellipse, in standard form, if its length of the latus rectum is equal to half of its

major axis.
Sol.
Given, latus rectum is equal to half of its major axis
2b?
= —>=a
a
2b’ = a?
But b’ =a’(1-¢%)
2a’(1-e%) =3’
1 1 1
14’ =-=e?="=e=—"
2 2 2
6 jcosxcos3x dx onR.

Sol. COS3XCOSX = % (2cos3x - cos x)

% (cos4x +€os 2X)
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IcosxcosBxdx :% jcos4xdx +%costdx

+sm2xj+C
4 2

B l(sin 4x
2

=1 sindx +2sin2x +C

; -1
Ism(Tanz X) dx.x <R
7. 1+x
; -1
Sol. dex
1+x
-1 dx
puttan " x=t= > =dt
1+x
. -1
(20T 29 g fsinta
1+x

=—cost+t=—cos(tan *x)+C

/2
j Cosidx
_n/21+e
8.
/2
Sol. Let I= j COS): dx  ..(i)
_n/21+e
|: /IZ coS(n/Z—n_/XZ—x)dx bjf () =
-/2 1+e a
_ n/f e* cos xdx )
p 1+e”
/2 X n/2
2l = j de: J‘ COs Xdx
—-n/2 I+e —n/2
/2
21 =2 jcosxdx *. €0s X is even function

0

a2
== smxg =1=1

b
J.f(a+b—x)dx
a

Adding (1) and (2),

9. Find the area under the curve f(x) = cos x in [0,2 T ].

Sol: We know that cos X >0 in O,E U S—T[,Tt and <0 in 2,3—75
2 2 2 2
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Required area

3n

2 27
COS XdX + j —CcosX dx+ jcos xdx

1]
Srm——

2 2

. 7/ . 37/ . o
2 _ 2
SIN X 0 + —=SInX % + SIN X 3n/2

LT . . 3Tt ... . 3n
sin——sin0—sin— +sin—+sin 2wt —Ssin —
2 2 2 2

=1-0- -1 +1+0- -1

=1+1+1+1=4.
d d
y- dy 5(yz dyj
10. X X
dy dx dy
Sol. y—5y? = (X +5)—=> :
ol ¥ =5y =( )dx:x+5 y(1-5y)

Integrating both sides

5
P jy(l 5y) j(fl Sdey

In[x+5|=Iny—-In|1-5y|+Inc

cy :>x+5=[ cy j
5y 1-5y

11.  Find the equation of the tangents to the circle x> + y?-4x + 6y — 12 = 0 which are parallel
to
X+y-8=0
Sol. Equation of the circle is
S=x*+y*—4x+6y—12=0

In|x+5=1In
1
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Centre is C(2, -3); r = radius =v4 + 9 + 12=5
Equation of the given line is x +y-8=0

Equation of the line parallel to above line is x+y+k=0
If x+y+k=0 is a tangent to the circle then

radius = perpendicular distance from the centre.

_ |2-3+k|

C VA
=k — 1| =5V2= k-1 =+ 5v2= k=1+ 5V2
Equation of the tangent is
X+y+1 +5v2=0

12. The pole of the line Ix + my +n = 0 (n = 0) with respect to x* + y* = a’is (—— —— .

Proof :

Let P(Xy, Y1) be the pole of Ix + my + n=0 ...(1)

The polar of P with respect to the circle is :
XX1+yy1—a=0 .(2)

Now (1) and (2) represent the same line

2 2 2
X -a —la —-ma
.'.—1=ﬁ=—:>x1= Y=
V4 m n n n
la® ma?
o PoleP=| — —
n n

13. Find the equation of the circle which passes through the points (2, 0), (0, 2) and orthogonal
to the circle
2x% +2y* +5Xx— 6y + 4 =0
Sol. LetS=x*+y?*+2gx+2fy+c=0
S=0 is passing through«(2,.0), (0, 2),
= 4+0+4g+c=0 ----(1)
and 0+4+4f+c=0 ---=- 2
D-@=Fg=0=g=f
S=0 is orthogonal to x? + y* + % x—gy +2=0

= Zg(§)+2f [—gjz 2+cC

gg—3f:2+c
Butg=f = gg—Bg:2+c
=-g=4+2c

Putting value of g in equation (1)
12

-16-8c+c=-4= C=——
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Equation of the circle is
24y BB 2o
7 7 7
= 7(x*+y’)—8x-8y—-12=0

2 2
14. If PN is the ordinate of a point P on the ellipse —t F =1 and the tangent at P meets the X-axis at T
a
then show that (CN)(CT) = a® where C is the centre of the ellipse.
x2 y2
Sol: Let P(6) = (a cos 6, b sin 8) be a point on the ellipse _2+F =1. Then the equation of the tangent at
a
P(O) is
XC0SO ysino®
+ y =1 (or)
a b
X
+ y Imeets X-axis at T.

EINE

X'

-
P(0)
e

Y!

and the ordinate of P is PN = b sin O then its abssicca CN = a cos 0

. X -intercept (CT) =
coso

a
. (CN).(CT) = (acosf) —— =a?.

coso
15. Find the equationsof tangents drawn to the hyperbola 2x* — 3y” = 6 through (-2, 1).

Sol. Equation of the' hyperbola is 2x> -3y’ =6

2 2
:>Z£——>L—=l
3 2

Let'm be the slope of the tangent .

The tangent id passing through p(-2, 1).

Equation of the tangent is
y—1=m(x+2)=mx+2m
y=mx+(2m+1) (1)

since (1) is a tangent to the hyperbola,
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¢’=a’m’-b’
= (2m+1)>=3m’-2
=4m’+4m+1=3m’-2
>m’+4m+3=0=(m+1)(m+3)=
=>m=-1or-3
Casel) m=-1
Equation of the tangent is

y=—x-1=>x+y+1=0

Case2 m=-3
Equation of the tangent is

y=-3x-5=3x+y+5=0

. AN+1+n+2+..+n+n
16. Evaluate lim
n—o0 n,\/ﬁ

Sol: For determining the Ilimit we use the result that if f is continuous on [0,1] and

P:{O,E,E' n-i 1} is a partition then _[f(X)dX— lim = Zf(n)
n

n—>oon|1

) . N+1l+N+2+...+4/n+N
Given lim
n—oo

S [1+ jf( j +I( ")

— lim=| =

n—oo N \/ﬁ

12 i
=lim=>  [1+—
n—>oon|_1 n

1 5 .
- Oj\/1+x dx =§[(1+ x)3/2]0

3

2 2
=5l2"-1=3[2v2 ]
17. (2x+ 2y + 3) ﬂ =x+y+1

dx

dy = x+y+1 = X+y +1

Sol. = =
dx 2x+2y+3 2 X+y +3
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Let v =x+y so that d—V:l+d—y

dx dx
d—V=1+ v+1 :2v+3+v+1:3v+4
dx 2V+3 2V+3 2v+3
2v+3
3v+4
2 1 ¢3-dv
slveg =l

dv =dx

2 1
—v+=log(3v+4)=x+cC
3V*3g a( )

Multiplying with 9

6v + log(3v +4) = 9x + 9c

6(x+y) +log[3(x+y) +4] =9 +c
i.e.log(3x+3y+4)=3x—6y+c

18. Find the equation of the circum circle of the triangle formed by the straight lines given in
each of the following.

1) 2X+y=4;Xx+y=6;X+2y=5

sol.
given lines are A
2X +y = 4o 1)
X+ Y = 6--mnmmee- 2 @ (3)
X + 2y = Bommeeme- 3)
B (2 C

On solving (1) and (2) , we get

B= (-2,8)
On solving (1) and (3) , we get
A=(12)
On solving (3) and (2) ;, we get
C=(7-1)

Let S(h,k) be the circumcentre of the triangleABC
Then SA =SB = SC.

SA =SB =>SA” =SB’

=>(1-h)y + (2-k)*=(-2—h)* +(8-k)’
=> h%+ k% — 2h-4k+5 = h? + k® + 4h-16k+68
=> 6h-12k+63 =0 -------- 4)

SA =SC =>SA? = SC?

=>(1-h)y’ +(2-k)?*=(7-hy’ +(-1-k)’
=> h? + k? — 2h-4k+5 = h? + k*-14h+2k+50
=> 12h-6k -45 = 0-------- (5)

Solving (4) and (5), We get S=(17/2,19/2)
Now radius = SA
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2 2
- (1_Ej+(2_gj =225
2 2 2

Euation of the circle is

17\ 19\ 225
X— —|+|y——| =—7
2 2 2

=>x* + y? -17x-19y +50 = 0.

19.Find the locus of the foot of the perpendicular drawn from the origin to any chord of
the circle S =x? + y* + 2gx + 2fy + ¢ = 0 which subtends a right angle at the origin.

(0.0

Sol.

Let P (X1, y1) be the foot of the perpendicular from the origin on the chord.
SlopaOP =2
= Slop of chord =-=2

Y1
= Equation of the chord is y-y; = - % (x-x%1)
1
=VYY1 XX1=.XX1 + x2
= XX1 +yy1=x{ +y{
Xxi + yyl =1 (1)
x +y,°

Equation of the circle is x>+ y? + 2fy +c = 0 - (2) Hamogenising (2) with the help of (1).
Then

X2 + y2 + (ng + 2fy)xx;+YY1 + (xx1+yy1)? =0
X1+y3 (x1+y1)
2 2g%; exi 2fy1 cyi
X1 +
t o T )] yz[ P Py (
butabove equatlon is representing a pair of perpendicular lines,
Co — eff. ofx +co- effof y* =0

29%4 2fy1 cyi
1+ + +1+ + =0
xX+y: o (x2+ )2 X34Y2 T (x24y2)?
29x1+2fyq (x1+Y1) =0
xZ+yi (x1+y1)

2 + 2gx1+2fy1 + — 0
x3+y3 x3+y:
2(xf +y9) +2g% +2fy;+c=0
Locus of L (X1, yi) is
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20¢+y?)+2gx +2fy+c=0

20. (i) If the coordinates of the ends of a focal chord of the parabola y? = 4ax are (x4, y1) and (x, ,),

then prove that x;x, = a°, y1y, = —4a’.

11 1
(ii) For a focal chord PQ of the parabola y* = 4ax, if SO = / and SQ = I then prove that |_+F =—.
a
Sol. i) Let P(xy,y1) = (at,?, 2at;) and Q(x,, Ya) = (at,?, 2at,) be two end points of a focal chord.
P, S, Q are collinear.
Slope of PS = Slope of Q_S
2at,  2at,
2 T 42
at; —a at;-a

tta—t, = tyt? —t,
it (t, — 1) +(t; —1,) =0
1+tt, =0=t,t, =1
From (1)
X,X, = at’ats =a’(t,t,)? =a’
y,Y, = 2at, 2at, = 4a®(t,t,) = —4a’

ii) Let P(at,’, 2at;) and Q(at,?, 2at,) be the extremities of a focal chord of the parabola, then tt, = —
1 (from(1))

| =SP = |/(at? —a)? +(2at, —0)?

—a(t?-1)% +4t2 —al+ 1)

I'=SQ = |/(at? —a)? +(2at, —0)?

—a (2 —1)2+4t2 =a(l+t2)

- (1—a)(I' =a) =a°t?t5 =a’(t,t,)? =a’
142 12

o t1t2 - _1

II’—a(I+I'):O:>}+1:1
I I' a

dx

Sin X COS X
21. j’cosz X+3C0SX +2
Sol.
Put cosx =t = —sinx dx = dt
I 2sinxcosx dx=j 2—tdt
COS” X +3C0SX +2 t°+3t+2
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= [——dt (1)
t°+3t+2
t t A B
Let = = +
t24+3t+2 (t+1)(t+2) t+1 t+2
=>t=A(t+2)+B(t+1) -(2)
Putt=-1in(2)
-1=A(-1+2)=>A=-1
Putt=-2in(2)
—2:B(—2+1):)B:2
t -1 2

= +
t?2+3t+2 t+1 t+2
.. From (1) and (3)

Sin X cos X
.[ dx

c0s% X +3COS X + 2

[ fheef L]
1 1
:jt+1dt_2It+2dt

=log|t+1|-2log|t+2|+C
=log|1l+cosx|-2log|2+cosx|+C

=log|1+cosX | —Iog(2+cosx)2 +C

1+cosx

=log|———
: (2+cosx)2

+C

22. Obtain the reduction formula for I, = JCSCn X dX, n being a positive integer, n > 2 and deduce the
value of _[cos ec>Xdx.
Sol. I, = jcsc” Xdx = _[csc“‘2 X -csc? x dx
=csc"? x(=cotx) + Icot x(n—2)
csc" 3 x(cot x)dx
=—csc" 2 xcotx + (N —2) jcsc”‘2 X
(csc? x —1)dx
=—csc" 2 xcotx+(n—2),_, —(N=2)I,

n-2

I,l+n-2)=—-csc “x-cotx+(n—-2)I,_,
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_ —csc"? xcotx LS

|
n n-1 n-1 "2

cscdx-cotx 3

cscx-cotx 1
I3 =—T+EI1

I = _[cscxdx =log

tan >
2

cscx-cotx 1
|3 :_T—i_ilog

tan =
2

csedx-cotx 3 3
lg=———"""2_Zcsexcotx + = log
8

4

+C

X
tan =

2
©Z sin?x

——dx
23. 0 COS X +SINn X

/2 -2
SIN™ X
Sol. 1= | ————dx-1.
0 COSX +SIn X

nl2 sin? (g—XJ
= dx

N CERNNE:
0 cos{ ——X |+SIn| ——X
(2 J (2 )
/2

_ JCOSZ—XO'X s

5 sin X 4+ €cos X

Adding 1. and 2.

n/2 . 2 2
SIN~ X +€0S™ X
21 = j_—dx
0 SIN X + COS X

/2
SRS by S S
2 5 SINX+Cos X

/2
" dx

Consider _
0 SIN X+ COS X

Put tan(x/2) =t

2dt 1-12 . 2t
dx = COSX = sin x

C14+t2] 1+t2 C1+t2
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/2

1f 2tdt
J2t+(1-t%)

! 1 Lrt-1]
Oj (t )% 2ﬁ[logﬁ—t+1}o
(Iogl Iogj__f]

_ 1 \/§+1 \/§+1
_\/5 \/_1 \/§+1

_ 2 —_
=—log(~/2 +1) 7 Iog(x/i +1)

'[ Sin X +€os X

HS\

[EEN
2l N

I:Tlog(x/zﬂ)

o i(xzy +xy) =1

Sol ay (x2y3 +xy) =1
dx
dx =Xy +x2%y°
dy
= &y =y
dy

Which is Bernoulli’s equation

Dividing with x?,

1 1

x2dy x°

PutZ——ESOthtgzid—x
X dy x2dy

dz 3
=>—42z2-y=Yy --2)
dy

which is linear d.eq. in z

LF.=e /W — 12

Solis zI.F = jQ. L.F. dy

2 2
7.eY 12 _ J'ySey /2~dy
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2

put y7=t:>ydy=dt

2
= ft-dt-et :e‘(t—1)=ey2’2[y7—1]

2
z.e¥'12 :eyzlz(y?—l}rc

2 2
2= iceV2o LY g v
2 X 2
2
—1=x[y?—1+c-e_y2/2j

2
2
Hence solution is 1+ X(y? —1+c-eY /2] -0
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